Nonlinearity as a sensitive informative marker in the ENSO model  by He, Ji-Huan & Xu, Fei
Computers and Mathematics with Applications 58 (2009) 2431–2443
Contents lists available at ScienceDirect
Computers and Mathematics with Applications
journal homepage: www.elsevier.com/locate/camwa
Nonlinearity as a sensitive informative marker in the ENSO model
Ji-Huan He a,b,∗, Fei Xu b
aModern Textile Institute, Donghua University, Shanghai 200051, China
b College of Mathematics & Physics, Nanjing University of Information Science and Technology, Nanjing 210044, China
a r t i c l e i n f o
Keywords:
Exact solution
Exp-function method
ENSO model
a b s t r a c t
In this paper, we use the basic idea of the exp-function method to obtain an exact solution
of a sea–air oscillator for the ENSO model. The effect of a nonlinear term on the properties
of the El-Niño/Southern Oscillation is illustrated.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
The El-Niño/Southern Oscillation (ENSO) phenomenon is the most prominent signal of seasonal-to-interannual climate
variability and has been the focus of intense research in the past two decades [1]. The ENSO model can be written in the
form [1]
dT
dt
= AT − T 3 − BT (t − δ) . (1)
In this paper we will study the effect of a nonlinear term on the properties of the El-Niño/Southern Oscillation using the
exp-function method [2–4].
2. Exp-function method
The exp-functionmethod has beenwidely used to search for various exact solutions of nonlinear equations [5–7]. In view
of the exp-function method [2–4], we assume that the solution of Eq. (1) can be expressed in the form
T (t) = ac exp (ct)+ · · · + a−d exp(−dt)
ap exp (pt)+ · · · + a−q exp(−qt) (2)
where c, d, p and q are positive integerswhich are unknown andwill be determined later; an and bm are unknown constants.
To determine the values of c and p, we balance the linear term of the highest order in Eq. (1) with the highest order linear
and nonlinear terms. By the same solution procedure as illustrated in Ref. [4], we have
p = c and d = q. (3)
For simplicity we set: p = c = q = d = 1. As a result, Eq. (2) becomes
T (t) = a1e
t + a0 + a−1e−t
b1et + b0 + b−1e−t . (4)
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Fig. 1. Solution is sensitive to  ( appears as e).
Substituting Eq. (4) into Eq. (1), we have
1
A
(
c4e4t + c3e3t + c2e2t + c1et + c0 + c−1e−t + c−2e−2t + c−3e−3t + c−4e−4t
) = 0 (5)
where
A = (b1et + b0 + b−1e−t)3 (b1met + b0 + b−1ne−t)
c4 = −Aa1b31m+  a31b1m+ Ba1b31m
c3 =  a31b0 − Aa1b21b0 − a0b31m− 2 Aa1b21b0m+ Ba0b31 + 3  a21a0b1m+ 3 Ba1b21b0m− Aa0b31m+ a1b21b0m
c2 = 3 Ba1b21b−1m− Aa1b20b1m+ 3  a1a20b1m+ a1b1b20 + Ba−1nb31 − Aa1b21b−1n− a0b21b0m
− 2 Aa1b21b−1m− 2 a−1b31m+ 2 a1b21b−1m+ a1b20b1m− 2 Aa0b21b0m− Aa0b21b0 − a0b21b0
− Aa−1b31m− 2 Aa1b1b20 + 3 Ba0b21b0 + 3  a21a0b0 + 3  a21a−1b1m+  a31b−1n+ 3 Ba1b20b1m
c1 = −Aa1b30 − a0b1b20 + a1b30 − 2 a−1b21b0 − Aa0b21b−1n− Aa0b20b1m− 2 Aa1b1b−1b0
− 2 Aa0b21b−1m+ 3 Ba−1nb21b0 − 2 Aa−1b21b0m+ 6 Ba1b0b−1b1m+ 3  a21a0b−1n+ 6  a1a0a−1b1m+ 3 a1b0b−1b1m+ a1b1b0b−1n− 2 Aa1b1b0b−1n− 2 Aa1b0b−1b1m
− a0b21b−1n− Aa−1b21b0 +  a30b1m+ Ba1mb30 + 2 a1b1b−1b0 − 3 a−1b21b0m
− 2 Aa0b1b20 + 3 Ba0b1b20 + 3  a1a20b0 + 3 Ba0b21b−1 + 3  a21a−1b0
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Fig. 1 (continued).
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Fig. 1 (continued).
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Fig. 1 (continued).
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Fig. 1 (continued).
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Fig. 1 (continued).
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Fig. 1 (continued).
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Fig. 1 (continued).
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Fig. 1 (continued).
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Fig. 1 (continued).
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Fig. 1 (continued).
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c0 = Ba0b30 + 3 a1b20b−1 − Aa1b20b−1n− Aa0b30 − Aa−1b21b−1n− a0b1b0b−1n+ a0b−1b0b1m
− Aa−1b20b1m+  a30b0 − Aa1b2−1b1m+ 3  a1a2−1b1m+ 3  a1a20b−1n+ 3 Ba−1nb1b20
+ 3 Ba1mb20b−1 − 2 Aa0b−1b0b1m− 2 Aa1b1b2−1n+ 6 Ba0b1b−1b0 − 2 Aa0b1b−1b0 + 6  a1a0a−1b0
+ 3 Ba−1b21b−1n+ 3  a20a−1b1m+ 3 Ba1b2−1b1m+ 3  a21a−1b−1n− 2 Aa0b1b0b−1n− 2 Aa−1b21b−1m
+ 2 a1b1b2−1n− 2 Aa1b20b−1 − 2 Aa−1b1b20 − 2 a−1b21b−1n+ 2 a1b2−1b1m− 2 a−1b21b−1m− 3 a−1b1b20
+ a1b20b−1n− a−1b20b1m
c−1 = −2 Aa−1b1b0b−1n− 2 Aa−1b1b−1b0 + 3  a0a2−1b1m− Aa−1b30 − Aa0b2−1b1m− 2 Aa−1b0b−1b1m
+ 3 Ba1mb0b2−1 − a−1b0b−1b1m− 2 Aa0b1b2−1n− Aa0b20b−1n+ 6  a1a0a−1b−1n− 3 a−1b1b0b−1n
+ 6 Ba−1b1b0b−1n− 2 Aa1b0b2−1n+ a0b−1b20 + 2 a1b2−1b0 − a−1b30 − Aa1b2−1b0 + Ba−1nb30
+  a30b−1n+ a0b2−1b1m+ 3 a1b0b2−1n+ 3 Ba0b1b2−1 − 2 a−1b1b−1b0 + 3  a1a2−1b0 − 2 Aa0b−1b20
+ 3  a20a−1b0 + 3 Ba0b−1b20
c−2 = −Aa−1b2−1b1m+ 3 Ba−1b1b2−1n+ 3 Ba−1b20b−1n+ 3  a20a−1b−1n− a−1b20b−1n+ 2 a1b3−1n
+ Ba1mb3−1 − 2 Aa0b2−1b0n− Aa0b2−1b0 − 2 Aa−1b1b2−1n− Aa1b3−1n+ a0b2−1b0 + 3 Ba0b2−1b0
+ a0b2−1b0n− 2 a−1b1b2−1n− Aa−1b20b−1n+ 3  a1a2−1b−1n+  a3−1b1m− a−1b20b−1 − 2 Aa−1b20b−1
+ 3  a0a2−1b0
c−3 = 3 Ba−1b0b2−1n− 2 Aa−1b0b2−1n+ Ba0b3−1 + 3  a0a2−1b−1n− Aa−1b2−1b0 +  a3−1b0
− a−1b0b2−1n− Aa0b3−1n+ a0b3−1n
c−4 =  a3−1b−1n− Aa−1b3−1n+ Ba−1b3−1n
m = e−δ, and n = eδ.
Equating the coefficients of ent to be zero and solving them simultaneously, we have
T (t) =
b1etA− b1etB+ a0
√
A−B

 + b−1e−tA− b−1e−tB

(
b1et
√
A−B

+ a0 +
√
A−B

b−1e−t
) . (6)
This is an exact solution of Eq. (1).
3. Chaotic behavior of the El-Niño/Southern Oscillation (ENSO)
We consider a special case when B = −1, A = b1 = b−1 = a0 = 1; the solution reads
T (t) = 2 e
t +√2√−1 + 2 e−t

(
et
√
2
√
−1 + 1+√2√−1e−t
) . (7)
The solution is very sensitive to  as illustrated in Fig. 1 (where  is appeared as e).
4. Conclusion
The exp-function method is applied to the El-Niño/Southern Oscillation and an exact solution is obtained, which is very
much sensitive to the nonlinear term.
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